This paper presents the first Network-Coded Multiple Access (NCMA) system with multiple users adopting different signal modulations, referred to as rate-diverse NCMA. A distinguishing feature of NCMA is the joint use of physical-layer network coding (PNC) and multiuser decoding (MUD) to boost throughput of multipacket reception systems. In previous NCMA systems, users adopt the same modulation regardless of their individual channel conditions. This leads to suboptimal throughput for many practical scenarios, especially when different users have widely varying channel conditions. A rate-diverse NCMA system allows different users to use modulations that are commensurate with their channel conditions. A key challenge is the design of PNC mapping and decoding mechanisms in NCMA when different users adopt different modulations. While there have been past work on non-channel-coded rate-diverse PNC, this paper is the first attempt to design channel-coded rate-diverse PNC to ensure the reliability of the overall NCMA system. Specifically, we put forth a symbol-splitting channel coding and modulation design so that PNC/NCMA can work over different modulations. We implemented our rate-diverse NCMA system on softwaredefined radios. Experimental results show that the throughput of rate-diverse NCMA can outperform the state-of-the-art ratehomogeneous NCMA by 80%. Overall, the introduction of rate diversity significantly boosts the NCMA system throughput in practical scenarios.
I. INTRODUCTION
This paper studies Network-Coded Multiple Access (NCMA) systems with multiple users adopting different signal modulations, referred to as rate-diverse NCMA. NCMA, first proposed in [1] , is a new Non-Orthogonal Multiple Access (NOMA) [2] architecture with multipacket reception capability. Fig. 1 shows a typical wireless local area network (WLAN) in which three end users send messages to a common access point (AP). To boost throughput, the three users are allowed to send their packets simultaneously.
Conventionally, multipacket reception is realized by multiuser decoding (MUD) techniques. The key idea of NCMA is to combine physical-layer network coding (PNC) and MUD to enable multipacket reception. PNC, first introduced in [3] , turns mutual interference between signals from simultaneous transmitters to useful network-coded information, thereby improving the throughput of wireless relay networks. PNC was originally proposed to boost the throughput of a two-way relay network [4] , [5] , and prior works on PNC focused almost exclusively on relay networks. NCMA was the first attempt to apply PNC decoding for non-relay networks, e.g., uplink of WLAN [1] . MUD, on the other hand, has been widely studied, from orthogonal signaling (e.g., TDMA, CDMA and OFDMA) to non-orthogonal signaling (e.g., NOMA) [2] , [6] .
Previous work on NCMA [1] , [7] focused on systems with two end users only. Furthermore, both users adopted
The work of H. Pan the same signal modulation. We refer to these systems as rate-homogeneous NCMA. This paper is the first attempt to generalize two-user rate-homogeneous NCMA to multuiser ratediverse NCMA. The motivations are as follows: 1) In a multiuser random access network (e.g., ALOHA and CSMA networks), packet collisions from more than two users are inevitable if all users transmit with high probability (i.e., in a highly utilized network, we may encounter simultaneous transmissions by more than two users with high probability); 2) The uplink channels of different users to the AP may have different SNRs in practical scenarios. Forcing all users to use the same rate (modulation) may prevent the high-SNR users from fully exploiting their good channel conditions. As will be shown in Section V, this leads to low system throughput in rate-homogeneous NCMA. In particular, the users with poor uplink channel conditions become the bottleneck of the whole system. To better exploit different channel conditions, this paper considers the use of different modulations adopted by different users, referred to as rate-diverse NCMA 1 . We focus on three users as an example to bring out the general issues in extending the rate-homogeneous two-user system to rate-diverse multiuser systems.
Although rate-diverse MUD has been widely studied, ratediverse PNC decoder, an important component of the overall NCMA system, has not been investigated. In particular, ratediverse PNC decoder for channel-coded PNC systems has not been well studied. For reliable communication, channel-coded PNC is preferred [4] . The non-channel-coded PNC schemes in [11] , [12] are not applicable to channel-coded PNC because they do not preserve the linearity of the underlying channel codes. As will be shown in Section IV, direct extension of the previous channel-coded PNC decoder, originally designed for homogeneous modulation among users, does not work when heterogeneous modulations and the IEEE 802.11 channel coding scheme are adopted (see Section III). In this paper, we put forth a symbol-splitting channel coding and modulation scheme, referred to as symbol-splitting encoding, to circumvent the issue encountered. We will show that symbol-splitting encoding enables channel-coded PNC decoding among different modulations, and by doing so allows the system to achieve 1 Although there have been other efforts to apply network coding (including PNC) in multiple access networks, they either try to compute one equation or focus on the PHY layer only. For example, [8] only compute one networkcoded packet for each overlapped packet, and the decoding in [9] , [10] is based on PHY-layer packets only. NCMA can have more than one equation for each overlapped packet under favourable channel condition, and it makes use of an outer MAC-layer channel coding scheme to achieve better utilization of the PHY-layer PNC packets.
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To prove concept and to investigate system performance under real wireless environment, we implemented rate-diverse NCMA on software-defined radios. We implemented a threeuser NCMA system where two low-SNR users adopt BPSK, and one high-SNR user adopts QPSK. Our experiments show that with symbol-splitting encoding, rate-diverse NCMA outperforms rate-homogeneous NCMA systems operated with BPSKonly and QPSK-only modulations by around 40% and 80%, respectively, in terms of total system throughput.
II. PRELIMINARIES A. System Model
We study a multiple access system where multiple end users transmit information to a common AP simultaneously (e.g., Fig.  1 shows an example with three end users). We consider the joint use of PNC and MUD by the AP to boost system throughput. This system is referred to as a Network-Coded Multiple Access (NCMA) system [1] . In [7] , the AP uses multiple antennas to accommodate high-order modulations beyond BPSK. The system is referred to as MIMO-NCMA. In the rest of this paper, we focus on NCMA with two antennas at the AP, unless otherwise specified.
NCMA includes both MAC-layer and PHY-layer operations. With respect to Fig. 2 , at the MAC layer, a large message M s of user s, s ∈ Θ = {A, B, C, ...}, is divided and encoded into multiple packets, C s i , i = 1, 2,... . We assume the use of Reed-Solomon (RS) code at the MAC layer when encoding a large message into multiple packets. At the PHY layer, each packet C s i is further channel-encoded into V s i , and then modulated into X s i for transmission. We adopt the standard IEEE 802.11 convolutional code as the PHY-layer channel codes. Throughout the whole paper, we focus on a time-slotted NCMA system 2 [1] . In this system, each user s transmits packets X s 1 , X s 2 , ..., X s i to the AP in successive time slots. Packets of different end users can be configured to be transmitted in the same time slot.
B. Review of Two-user NCMA
Let us briefly review the two-user NCMA system, and see how PNC and MUD can be jointly exploited to improve the system throughput. In the uplink phase (note: NCMA focuses on the uplink transmissions from end users to the AP), users A and B transmit simultaneously. The AP then decodes the superimposed signals using two multiuser decoders at the PHY layer: the MUD decoder and the PNC decoder. The MUD decoder attempts to decode both packets C A i and C B i explicitly, and the PNC decoder attempts to decode
The successfully decoded PHY-layer packets in different times 2 The general idea of NCMA can also be applied to carrier sense multiple access (CSMA) systems or time-division multiple access (TMDA) systems by modifying MAC protocols to allow simultaneous transmissions by users. slots are then collected and passed to the MAC layer. With the MAC-layer RS code, the AP can recover the original messages M A and M B after collecting enough packets from the set
.. . We next illustrate the essence of NCMA with a simple example. Fig. 3 (a) shows an example of the decoding outcomes of the PNC and MUD decoder in five consecutive time slots. In time slot 4,
) are decoded. In this case, the PNC packet C A⊕B 4 can be used to recover the missing packet C B 4 . This process, which leverages the complementary PNC XOR packet, is referred to as PHYlayer bridging [1] . However, PHY-layer bridging cannot be applied directly to time slot 2 because neither native packet C A 2 nor C B 2 is available, and only the XOR packet C A⊕B 2 is decoded. In NCMA, such "lone" PNC packets, although not useful at the PHY layer, can be useful for MAC-layer decoding. In Fig. 3(b) , we assume the AP has recovered enough native packets C A i to decode M A with the help of the MAC-layer RS code by time slot 5: in this example, L = 3 PHY-layer packets are needed to recover M A . This means that native packets C A 2 and C A 3 can also be recovered from M A . Accordingly, the original "lone" PNC packet C A⊕B 2 can now be combined with C A 2 to recover C B 2 . Consequently, the AP also has enough native packets (i.e., L = 3) to recover the message of B, M B . We refer to this process as MAC-layer bridging, which further boosts the system throughput by leveraging the "lone" PHY-layer PNC packets [1] .
C. Multiuser NCMA
Previous works on NCMA [1] , [7] were limited to the simple two-user case. In a wireless network with multiple users, if all users have a high probability to transmit, collisions with more than two users are inevitable. This paper investigates NCMA systems with three users as an example. The underlying PHYlayer and MAC-layer decoder designs and bridging principles remain valid (see our technical report [13] for details).
Suppose that users A, B, and C transmit their packets simultaneously in time slot i, and the AP receives their superimposed signals. At the PHY layer, three MUD decoders are needed for the AP to decode packets C A i , C B i and C C i individually. Similarly, four PNC decoders can be used to get the four network-coded combinations
each PHY-layer decoder's output can be treated as a linear combination aC
and at least one of them must be 1. Fig. 4 shows an example of three-user NCMA by adding two more decoding outcome columns only, C C i and C A⊕B⊕C i , to Fig. 3 .
III. PNC DECODER REVISIT: XOR-CD This section revisits the XOR-Channel Decoding (XOR-CD) decoder, an important building block of NCMA PHY-layer decoder. In this section, we explain that XOR-CD works when users adopt the same modulation order and code rate. The general architecture for XOR-CD is shown in Fig. 5 feature of XOR-CD is that the standard point-to-point Viterbi channel decoder can be used directly without any changes to support real-time decoding. For simplicity, here we assume the AP has one receive antenna, and two users, user A and user B, transmit packets C A and C B to the AP, respectively. Extensions to multiple antennas and multiple users can be found in [7] .
Let . Note that the outputs from the PNC demodulator can be hard or soft bits. These XOR bits are then fed to a standard Viterbi decoder (as used in a point-to-point system) to decode the network-coded packet C A ⊕ C B . Since the two users A and B make use of the same code rate, the standard Viterbi decoder can be used because XOR-CD exploits the linearity of linear channel codes (note: convolutional codes are linear; XOR-CD will work with other linear codes as well). Specifically, define Π(·) as the channel coding operation. Since Π(·) is linear, we have
We now give an example on how to obtain 
where
The demodulation rule for the XOR bits is defined as After that, {v A [n] ⊕ v B [n]} n=1,2,... are fed to the Viterbi decoder to decode the PNC packet C A ⊕ C B . When different users adopt the same modulation, XOR-CD works in a similar way for higher-order modulations beyond BPSK (e.g., QPSK, 16-QAM) after each modulated symbol is mapped to bits [7] . However, we will show in the next section that XOR-CD cannot be used directly when users use different modulations.
IV. RATE-DIVERSE NCMA SYSTEM
This section presents rate-diverse NCMA. We study the case of three-user NCMA with two users, say users A and B, adopting BPSK, and one user, say user C, adopting QPSK (abbreviated as 2B1Q). We remark that the decoding principle for 2B1Q can be generalized to other scenarios easily, e.g., 2QPSK+1BPSK.
For 2B1Q, PNC decoding (XOR-CD) can happen between the two BPSK users (e.g., we can adopt the BPSK PNC mapping defined in (3), and the calculations of the soft information of each XORed bit can be found in our technical report [13] ). However, we show in Section IV-A that conventional XOR-CD does not work between BPSK and QPSK users. Section IV-B then presents our designs to enable PNC even among different modulations. Section IV-C presents the details of our rate-diverse NCMA PHY-layer decoders.
A. Problem of PNC Decoder with Different Modulations
We first explain the problem of XOR-CD with different modulations. Let us focus on the set of symbols
are BPSK modulated symbols as in Fig. 6(a) . Assuming QPSK modulation for user C, the k-th modulated symbol x C [k] of the PHY-layer transmitted packet X C is
That is, the odd (even) bits of the convolutional-encoded packet V C are mapped to the in-phase (quadrature) component of Fig. 6 illustrates the differences between BPSK and QPSK modulations. Note that for both BPSK and QPSK, the odd bits and even bits of V s are generated from two different code generator polynomials (i.e., 133 8 and 171 8 in the IEEE 802.11 Standard). Since each QPSK symbol contains two bits, one from each polynomial, while each BPSK symbol contains only one bit from one of the polynomials, how to perform the proper PNC mapping (XOR-CD) for the overlapping QPSK and BPSK symbols is an issue. It is difficult to find a proper PNC mapping between a BPSK symbol and a QPSK symbol (e.g.,
) that maintains the linearity of convolutional codes as (2) .
As a result, if we directly generalize rate-homogeneous NCMA to rate-diverse NCMA, only one PNC decoder is possible (i.e., the one that decodes C A ⊕ C B ). We refer to such an NCMA system as Direct Rate-Diverse NCMA (DR-NCMA). As will be seen, our experimental results (i.e., Fig. 8 ) indicate that the performance of the QPSK user is limited by the MUD decoder, and PHY-layer and MAC-layer bridgings help little in the total system throughput improvement. Fortunately, we can redesign the channel coding and modulation scheme that can enable PNC among different modulations.
B. Exploit PNC between Different Modulations
We now present our designs that enable PNC among different modulations. Let us focus on user A (BPSK) and user C (QPSK) as an example. We study how to perform PNC mapping between
. As discussed in Section IV-A, an important design issue for PNC mapping is how to maintain the linearity of convolutional codes. Conventional channel encoding and modulation scheme fails to do so because within the overlapping QPSK and BPSK symbols, x I C [k] and x Q C [k] are from two different polynomials, while x A [k] is from one of the two polynomials. However, if the in-phase and quadrature bits of the QPSK packet can be encoded separately like two BPSK packets (one containing inphase bits; one containing quadrature bits), in which alternate bits of the in-phase and quadrature bits are also taken from the two different polynomials, then
can come from the same polynomial for the same k (i.e., either 133 8 or 171 8 in the IEEE standard). PNC mappings that maintain the linearity of convolutional codes become possible among Fig. 7 presents our channel encoding and modulation scheme for QPSK in rate-diverse NCMA. For user C, let C CI and C CQ denote two small packets (which can be equally divided from C C ). They are separately convolutional encoded to V CI = {v CI [1] , v CI [2] , ..., v CI [n], ...} and V CQ = {v CQ [1] , v CQ [2] , ..., v CQ [n], ...}, respectively. The kth modulated symbol x C [k] for the QPSK packet X C = (x C [1], ..., x C [k], ...) is now defined as
That is, C CI (C CQ ) is encoded to be the in-phase (quadrature) bits of the QPSK packet X C . We refer to this channel encoding and modulation scheme as symbol-splitting encoding.
In essence, the symbol-splitting encoding scheme makes one QPSK packet equivalent to two "small" BPSK packets from the channel coding perspective, e.g., two BPSK packets are embedded in the in-phase and quadrature parts of one QPSK packet, respectively. Since each "small" BPSK packet is now encoded in the same way as a regular BPSK packet, we can define PNC mappings between symbols x A [k] and x C [k] as 3
The demodulation from
is a one-to-one mapping (see (4) ). The corresponding XOR bits 3 We can also define PNC mapping
and compute the PNC packet C C I ⊕ C C Q . In symbol-splitting encoding, C C I and C C Q can be regarded as two packets with a fixed 90-degree relative phase offset (i.e., they are encoded as the in-phase and quadrature parts of the QPSK packet). However, our simulation results show that C C I ⊕ C C Q does not give extra performance gain since MUD decoders that decode C C I and C C Q work well already. In this paper, we do not consider the PNC decoders that contain Fig. 7 . Convolutional encoding and modulation schemes for Symbol-Splitting Rate-Diverse NCMA: (a) The same procedure as in the IEEE 802.11 standard for BPSK packets (the same as Fig. 6(a) ), and (b) Symbol-Splitting Encoding for QPSK packets. 
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.. obtained from the demodulator are then fed to the Viterbi decoder to decode C A ⊕C CI (and similar for C A ⊕C CQ ). That is, with symbol-splitting encoding, we can perform PNC decoding between BPSK and QPSK users.
C. Symbol-Splitting Rate-Diverse NCMA This section presents the rate-diverse NCMA system with symbol-splitting encoding scheme for QPSK packet. We refer to this NCMA system as Symbol-splitting Rate-Diverse NCMA (SR-NCMA). We list different PHY-layer decoders used in SR-NCMA in Table I . The detailed calculation of the soft information of each bit in PHY-layer decoders for SR-NCMA can be found in our technical report [13] .
Section IV-B discussed two PNC decoders that decode C A ⊕ C CI and C A ⊕ C CQ between the BPSK user A and the QPSK user C. In general, with symbol-splitting encoding, there are total seven possible PNC decoders to decode different linear combinations between the three users A, B, and C, as shown in Table I . Also, four MUD decoders can be used in SR-NCMA. In short, each PHY-layer decoder's output can be treated as a linear combination aC A ⊕ bC B ⊕ cC CI or aC A ⊕ bC B ⊕ cC CQ , where a, b, c ∈ {0, 1} and at least one of them must be 1. In the next section, we will evaluate SR-NCMA overall system performances through experiments on software-defined radio.
V. OVERALL SYSTEM PERFORMANCE
To evaluate the performance of symbol-splitting rate-diverse NCMA system, we implemented it on software-defined radios, e.g., the USRP hardware and the GNU Radio software with the UHD hardware driver. This section focuses on the experimental results of the overall system. Experimental setups and the detailed individual users' performance can be found in [13] .
1) Throughput comparisons between SR-NCMA and DR-NCMA: We now compare the total system throughputs of two rate-diverse NCMA schemes, e.g., SR-NCMA and DR-NCMA. We first evaluate the throughputs when only MUD decoders are used. Then, we consider PNC decoders and the overall throughputs with PHY-layer and MAC-layer bridgings 4 . The performance details are shown in Fig. 8 .
(a) Throughput Performance by MUD: In Fig. 8 , the blue bars represent the throughputs of SR-NCMA and DR-NCMA when only MUD decoders are used. For MUD decoders, a key difference between the two schemes is the decoding of the QPSK packets of user C. In DR-NCMA, one MUD decoder tries to decode the whole QPSK packet C C ; while in SR-NCMA, two MUD decoders try to decode packets C CI and C CQ . When user C's SNR is low (e.g., 8dB in Fig. 8 ), it is likely that DR-NCMA fails to decode the whole QPSK packet C C , but it is possible for SR-NCMA to decode one of the two packets C CI or C CQ . We see that the MUD performance of SR-NCMA is better than DR-NCMA when user C has low SNRs. As user C's SNR increases, the MUD performances of these two schemes converge.
(b) Throughput Gain by PNC: A distinguishing feature of NCMA is the use of PNC packets to improve system throughputs by PHY-layer bridging and MAC-layer bridging. We first evaluate the extra throughput gain due to PHY-layer bridging (the green bars in Fig. 8 ). Since DR-NCMA has only one PNC decoder that decodes C A ⊕ C B , and the QPSK user is not involved in PNC decoding, PHY-layer bridging yields little improvement in DR-NCMA (i.e., PHY-layer bridging can happen between users A and B only). However, for SR-NCMA, thanks to symbol-splitting encoding, PHY-layer bridging can also happen between the QPSK user C and the BPSK users A and B. PHY-layer bridging can improve the throughput of SR-NCMA by around 17% over that with MUD decoders only.
Similar to the performance of PHY-layer bridging, MAClayer bridging improves the performance of DR-NCMA very little because of the lack of PNC packets (the red bars in Fig. 8 ). In contrast, MAC-layer bridging can further improve the throughput of SR-NCMA by around 12%. Therefore, the total system throughput of SR-NCMA is 40% over that of DR-NCMA on average, as shown in Fig. 8 .
2) Throughput comparisons between Rate-diverse NCMA and Rate-homogeneous NCMA: Let us focus on the ratehomogeneous NCMA systems first. When QPSK is used, users A and B have low throughputs because of their low SNRs (fixed at 8dB while the SNR of user C varies from 8dB to 14dB). But when BPSK is used, although the throughputs of A and B improve, the throughput of user C is upper bounded by one BPSK packets per time slot even as SNR increases (i.e., user C is forced to use a low modulation order, not leveraging its high SNR to obtain better throughput). Overall, the total system throughputs of both QPSK and BPSK rate-homogeneous NCMA systems are bounded to no more than 3 normalized BPSK packets (see Fig. 9 ).
In contrast, the SR-NCMA system (since SR-NCMA performs better than DR-NCMA, we consider SR-NCMA only) can allow users to choose their modulation order based on different channel conditions. SR-NCMA achieves the highest overall system throughput as shown in Fig. 9 . For example, when user C's SNR is 12dB, the throughput of SR-NCMA is higher than those rate-homogeneous NCMA systems operated with BPSK and QPSK by 40% and 80%, respectively.
VI. CONCLUSIONS
We have developed a three-user rate-diverse NCMA system, where different users may use signal modulations commensurate with their respective channel SNRs. A key technology put forth by us to enable rate-diverse channel-coded PNC is symbol-splitting encoding. Experiments on our software-defined radio prototype indicate that, compared with rate-homogeneous NCMA, rate-diverse NCMA can better exploit the varying channel conditions among users to achieve higher individual throughputs and higher overall system throughput in real wireless environment. Specifically, the system throughput of ratediverse NCMA with BPSK+QPSK modulations outperforms those of rate-homogeneous NCMA where all users adopt BPSK and all users adopt QPSK by 40% and 80%, respectively.
